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+ C0, z = − x
2 + C0x
.
B
  
 F z = 0  3  z  y′ 
y′ = − x
2 + C0x
, dy = − xdx
2 + C0x
.
3" 5  !&/ 
8 C0 = 0   !5 dy  	
 
%
dy =
1
C0
(
2dx
2 + C0x
− dx
)
⇒ y = 2
C20
ln |2 + C0x| − x
C0
+ C1.
( C0 = 0  $1
dy = −xdx/2 ⇒ y = −x2/4 + C.
B
  
 F
z = 0 ⇒ y′ = 0 ⇒ y = C.
  	
  	 		

-& 

" &
 
F (y, y′, . . . , y(n)) = 0. @88;A
#! & y′ = z  	
  y  &1 &1 	
&1 F z =
z(y)  B
 4 y′′, y′′′, . . . , y(n) 	
%
&1 
y′′ =
dy′
dx
=
dz
dx
=
dz
dy
dy
dx
=
dz
dy
z,
y′′′ =
dy′′
dx
=
dy′′
dy
z =
(
d2z
dy2
z +
(
dz
dy
)2)
z,
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
y(n) = ω
(
z,
dz
dy
, . . . ,
dn−1z
dyn−1
)
.

B!  
5 ! y′, y′′, y′′′, . . . , y(n)  &
 @88;A 	
!&/ &
 (n− 1) 	
    & z  
	
 y 
B
 y  &1 	
&1  ! 	
 " 

 y = 7GHIJ =	
 	  &
 @88;A 5
 "  !  
  
E! &
  
F (y(k), y(k+1), . . . , y(n)) = 0 (1 ≤ k < n), @88,A
 ! & y(k) = z(x)  C &
 @88,A 	
  &
 
@88;A
F (z, z′, . . . , z(n−k)) = 0 (1 ≤ k < n).
 

 + = %0 
 &
 
2yy′′ = y′2 + y2. @88*A
  B!5 y′x = z(y)  	
  y  &1 	
&1 	!&
/ y′′xx = z
′
yy
′
x = z
′
yz  C &
 @88*A 5 	"  
2yz
dz
dy
= z2 + y2.
B! z2 = u  &/  / 2z dzdy =
dz2
dy , 	!&/
yu′y = u + y
2.
B!&/! ! &
   
u = C1y + y
2.
!!" z2 = C1y + y
2
 y′2 = C1y + y2  &
dy√
C1y + y2
= ±dx ⇒ ln |y + C1/2 +
√
C1y + y2| = ±x + C2.
B
  

y = 0.
 

 . = %0 
 &
 
yy′′ + 1 = y′2. @8()A
 
  B!5 y′x = z(y)  	!&/ y
′′
xx = z
′
yy
′
x = z
′
yz  C 
@8()A !&
yzz′y = z
2 − 1 ⇒ z2 − 1 = Cy2 ⇒ y′ = ±
√
Cy2 − 1.
3" 1 
 5
8 C = 0  6 4 !&/ dy = ±x ⇒ y = A± x K
( C < 0  C = −C21  $1
dy√
1− (C1y)2
= ±dx ⇒ C1y = sin(C0 + C1x);
9 C > 0  C = C21  $1
dy√
1 + (C1y)2
= ±dx ⇒ C1y = ± sh(C0 + C1x).
 
 
 / !&/  &
 @88,A
  	
 	 F (y(n−1), y(n)) = 0
  12'   y(n)
 
 &
  y(n) 
y(n) = f(y(n−1)). @8(8A
#! & y(n−1) = z(x)  	!&/ &

z′x = f(z) !
dz
f(z)
= dx. @8((A
D

& ∫
dz
f(z)
= x + C1. @8(9A
E! 5 	!&/ 
 @8(9A 

 !" z 
z = ω(x, C)  #! %
&1 & y(n−1) = ω(x,C)   	 &
 
%! 

 
	
E! 

" &
 @8(9A !" z !"   	&	
!&10 %
 B
 z  &1 &1 	
&1⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
dy(n−2) = y(n−1)dx = zdzf(z) ,
y(n−2) =
∫
zdz
f(z) = ϕ2(z, C2),
dy(n−3) = y(n−2)dx = ϕ2(z,C2)dzf(z) ,
y(n−3) =
∫ ϕ2(z,C2)dz
f(z) = ϕ3(z, C2, C3),
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
y = ϕn(z, C2, . . . , Cn).
@8(:A
6 
&!" 	!&/ 
  	

/ ⎧⎨
⎩
∫
dz
f(z) = x + C1,
y = ϕn(z, C2, . . . , Cn).
 

 ; = %0 
 &
 
y′′′(3y′′2 + 2y′′) = 1. @8(+A
   
 &
 @8(+A !" y′′′  ! &
y′′ = z 
y′′′ =
1
3y′′2 + 2y′′
, z′ =
1
3z2 + 2z
.
 !  	
  

&
(3z2 + 2z)dz = dx,
x = z3 + z2 + C1. @8(.A
B
 	" 
/ 	 
&! @8(:A
dy′ = y′′dx = z(3z2 + 2z)dz,
y′ =
∫
z(3z2 + 2z)dz =
3z4
4
+
2z3
3
+ C2,
dy = y′dx =
(
3z4
4
+
2z3
3
+ C2
)
(3z2 + 2z)dz,
y =
∫ (
3z4
4
+
2z3
3
+ C2
)
(3z2 + 2z)dz =
9z7
28
+
7z6
12
+
4z5
15
+ C2(z
3 + z2) + C3.

B!&/ 
  	

/ ⎧⎨
⎩ x = z
3 + z2 + C1,
y = 9z
7
28 +
7z6
12 +
4z5
15 + C2(z
3 + z2) + C3.
  12'   y(n−1)
 
 &
 
y(n−1) = f(y(n)). @8(;A
#! & y(n−1) = z(x)  	!&/ &

z = f(z′x). @8(,A
6 	

 z′ = dzdx = p  & dz = pdx  z = f(p)  #

&
	! 
5 	 p  dz = f ′(p)dp = pdx  $1
dx =
f ′(p)dp
p
⇒ x =
∫
f ′(p)dp
p
+ C1. @8(*A

 @8(,A 5 	
	" 
y(n−1) = f(p). @89)A
/ &
 @8(*A  @89)A 	
 	" 
/ 	 
&!
@8(:A @ 	

 z &

& 	

 pA 6 
&!" 	!&/

  	

/ ⎧⎨
⎩ x =
∫ f ′(p)dp
p + C1,
y = ϕn(p, C2, . . . , Cn).
  
 !" 3   
B&"  	 &
 	& 	

/ 	
!
y(n−1) = ϕ(t), y(n) = ψ(t).
B
   dy(n−1) = y(n)dx  	!&/
dx =
y(n−1)
y(n)
=
ϕ′(t)dt
ψ(t)
, x =
∫
ϕ′(t)dt
ψ(t)
+ C1.


B 
&! @8(:A ' 
  	

/ 
⎧⎨
⎩ x =
∫ ϕ′(t)dt
ψ(t) + C1,
y = φ(t, C2, . . . , Cn).
  	
 	 F (y(n−2), y(n)) = 0
  12'   y(n)
 
 &
 
y(n) = f(y(n−2)).
#! & y(n−2) = z(x)  	!&/ &

z′′xx = f(z). @898A
 	 z′′ =
dz′
dx
 &5 % / &
 @898A  2z′dx 
  & / z′dx = dz  	!&/
2z′dz′ = 2f(z)dz.
D

&
z′2 =
∫
2f(z)dz + C1.
 !  	
  

&
dz
dx
=
√∫
2f(z)dz + C1, x =
∫
dz√∫
2f(z)dz + C1
+ C2. @89(A
#! 5 	!&/" 
  	

/ 
 !% &

 @89(A   &
1  y(n−2) = ω(x,C1, C2) 
  12'   y(n−2)
 
 &
 
y(n−2) = f(y(n)).
#! & y(n−2) = z(x)  	!&/ &

z = f(z′′xx). @899A

B!5 z′′ = u  z = f(u)  $1
dz = f ′udu. @89:A
 
& 

dz′2 = 2z′dz′ = 2z′z′′dx = 2z′′dz = 2udz = 2uf ′udu. @89+A
D

&
z′ =
√∫
2uf ′udu + C1, dx =
dz√∫
2uf ′udu + C1
.
B!  
&!& @89:A  

&
x =
∫
f ′udu√∫
2uf ′udu + C1
+ C2. @89.A
#! 5 	!&/" 
  	

/ 
 !% &

 @89.A   &
1  y(n−2) = ω(x,C1, C2) 
 ! 	
 " 	 	
		 	  	"#
"
 88 

F (x, y, y′, . . . , y(n)) = 0 @89;A
 
 !"  &   	
'
! 	
  y → ky , y′ → ky′ , . . . , y(n) → ky(n) 	!  &!
F (x, ky, ky′, . . . , ky(n)) = kmF (x, y, y′, . . . , y(n)).

 @89;A 	5  & ! 	!5"
y′ = yz, @89,A
 z    &  z = z(x) 

#

& 	!!" 
&!& @89,A    5

 y′  yz  ⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩
y′′ = y′z + yz′ = y(z2 + z′),
y′′′ = y(z3 + 3zz′ + z′′),
. . . . . . . . . . . . . . . . . . . . . . . . . . .
y(n) = yω(z, z′, . . . , z(n−1)).
B!  
5 ! y′, y′′, . . . , y(n)  &
 @89;A
F (x, y, yz, y(z2 + z′), . . . , yω(z, z′, . . . , z(n−1))) = 0.
 &
 ! 	
	!5 
 & F 5
	" 
ymF (x, 1, z, (z2 + z′), . . . , ω(z, z′, . . . , z(n−1))) = 0.
#!  ym @	
 4 	
 
 y = 0  	
'A 	!&/
F (x, 1, z, (z2 + z′), . . . , ω(z, z′, . . . , z(n−1))) = 0.
 &
 (n− 1) 	
  E!    %0 

z = ϕ(x, C1, C2, . . . , Cn−1),
  z  y′/y  	!&/
y′/y = ϕ(x, C1, C2, . . . , Cn−1).
D

&
y = Cnexp
(∫
ϕ(x, C1, C2, . . . , Cn−1)dx
)
.
 	! 
 &
 @89;A
 

 , = %0 
 &
 
xyy′′ − xy′2 − yy′ = 0. @89*A

  B

  !  ! 4 &
 
 #!
& y → ky , y′ → ky′ , y′′ → ky  &
 @89*A
k2yy′′ − k2xy′2 − k2yy′ = 0.
#! &
  k2  	!&/ ' &

xyy′′ − xy′2 − yy′ = 0.

 

B! y′ = yz  	!&/ y′′ = y(z2 + z′)  B!  
5 ! 
y′  y′′  &
 @89*A  
0  y2  	!&/
x(z2 + z′)− xz2 − z = 0 ! xz′ − z = 0.
D

& 	! &
 z = C1x  3 z  y
′/y  y′/y = C1 
D

& 0 
 	!&/
y = C2e
(C1/2)x2.
 $ %&&'" 	

"
 8( 

F (x, y, y′ . . . , y(n)) = 0 @8:)A
 %%0
 ! 	
 
x → kx , y → kmy , y′ → km−1y′ , . . . , y(n) → km−ny(n) @8:8A
	!  &!
F (kx, kmy, km−1y′, . . . , km−ny(n)) = ksF (x, y, y′, . . . , y(n)).
L%  /! m   	

 " 
&  
&& 	! 
	  
' /! k %& '"  5 /! &
 	!
 @8:8A
B!   /! m   !" &
x = et, y = zemt, @8:(A

 t F   	
  z F   &  C

d
dx = e
−t d
dt   	
 y
′
x, y
′′
x . . . , y
(n)
x 	
%
&1 !&10
%
⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩
y′x =
dy
dt e
−t =
(
dz
dte
mt + mzemt
)
=
(
dz
dt + mz
)
emt,
y′′x =
dy′
dt e
−t =
(
d2z
dt2 + (2m− 1)dzdt + m(m− 1)z
)
e(m−2)t,
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
y
(n)
x = ω
(
z, dzdt , . . . ,
dnz
dtn
)
e(m−n)t.
@8:9A
6	! 	
" 	& @8:(A  &
 @8:)A  ! &
	 
&! @8:9A 	!&/ &
 
 	! 
0  emt %

  &
  
50 t   &
 	& 	5
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x4y′′ + (xy′ − y)3 = 0. @8::A
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! m  B

 
 ' /! /  / x  y  y′ 
y′′ &1 1  m  (m − 1)  (m − 2) 
   4 + m − 2 =
3(1+m−1) = 3m  & m = 1  C	
" ! 	& x = et  y = zet 
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⎩ y
′ = dydt e
−t =
(
dz
dt + z
)
,
y′′ = dy
′
dt e
−t =
(
d2z
dt2 +
dz
dt
)
e−t,
 &
 @8::A 	
 
e4t
(
d2z
dt2
+
dz
dt
)
e−t +
(
et
(
dz
dt
+ z
)
− zet
)3
= 0 ⇒ d
2z
dt2
+
dz
dt
+
(
dz
dt
)3
= 0.
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dz
dt = u(z)  z  &1 	
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
d2z
dt2
=
du
dt
=
du
dz
dz
dt
=
du
dz
u.
B4& &
 	
	 
du
dz
u + u + u3 = 0 ⇒ du
dz
+ 1 + u2 = 0.
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& u = tg(C1 − z)  3 u  dzdt 
dz
dt
= tg(C1 − z) ⇒ dz− tg(z − C1) = dt ⇒ ln | sin(z − C1)| = −t + ln |C2|.
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ln | sin(y/x− C1)| = − lnx + ln |C2| ⇒ y = x(C1 + arcsin(C2/x)).
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F (x, y, y′, . . . , y(n)) = 0 @8:+A
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Φ(x, y, y′, . . . , y(n−1))  
F (x, y, y′, . . . , y(n−1)) =
d
dx
Φ(x, y, y′, . . . , y(n−1)),

Φ(x, y, y′, . . . , y(n−1)) = C1 @8:.A
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y′′
y′
− 2yy
′
1 + y2
= 0. @8:;A
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y′′
y′
− 2yy
′
1 + y2
= (ln |y′| − ln(1 + y2))′,
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ln |y′| − ln(1 + y2) = ln |C1| ! y′ = A(1 + y2), A = ±C1.
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arctg y = Ax + B.
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yy′′ = y′2. @8:,A
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
'  &5 %  /  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y′′/y′ = y′/y.
E 	
 
! %& y′ = C1y  &
y = C2e
C1x.
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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 y′′ = xex, y(1) = 1, y′(1) = 2
$ x3yIV = 1 K y = 2x(lnx− 1) + C1x3 + C2x2 + C3x + C4
+ x = e−y
′′
+ y′′ 
, x− sin y′′ + 2y′′ = 0 
y′′′ tg 3x = 3y′′ 
5 (1 + x2)y′′ + 2xy′ = 2x 
 x4y′′ + x3y′ = 1 
0 y′′ = 2yy′ 
 y3y′′ = 1 
6 y′′ = 8 sin3 y cos y, y(1) = π/2, y′(1) = 2
 y3y′′ = 4(y4 − 1), y(0) = √2, y′(0) = √2 
$ y′′′ + y′′3 = 0 
+ y′′2 − 3y′ + 2 = 0
, y′′′2 + y′′2 = 1 
  
 yy′ =
√
y2 + y′2y′′ − y′y′′ 
5 x2y′′y − (x2 + 1)y′2 = 0 
 x2yy′′ = (y − xy′)2 
0 yy′ + xyy′′ − xy′2 = x3 
 y′′ =
(
2xy − 5x
)
y′ + 4y2 − 4yx2 
$6 y′′ = y′2y 
$ (1 + y′2)y′′′ − 3y′y′′2 = 0 
$$ y′′ + y′ cos x− y sinx = 0 
7'4
 y = ex(x− 2) + 2x + e− 1 
$ y = 2x(lnx− 1) + C1x3 + C2x2 + C3x + C4 
+
⎧⎨
⎩ x = e
−t + t,
y =
(
t
2 +
3
4
)
e−2t +
(
t2
2 − 1 + C1
)
e−t + t
3
6 + C1t + C2.
,
⎧⎨
⎩ x = sin t− 2t,y = 38 sin 2t− t4 cos 2t + (C1 − 2− t2) sin t + (−2C1 + 12) t + 2t33 + C2.
 y = −C09 sin 3x + C1x
2
2 + C2x + C3 
5 y = x + C0 arctg x + C1 
 y = 14x2 + C0 lnx + C1 
0 ln y−C1y+C2 = 2C1x + C2 

√
C20y
2 − 1 = ±C20x + C1 
6 ctg y = 2(1− x) 
 y2 − 1 = e4x 
$ y = t−3/3 + C1t−2/2 + C3, x = t−2/2 + C1 
+ y = 23x + C 
⎧⎨
⎩ x =
2
3p + C1,
y = 2p
3
27 +
4
9p + C0.
, y = sin(x + C1) + C2x + C3 
 y = C1(1+C2e
x)
1−C2ex  y = C 
5 ln y = x/C1 − ln |1+C1x|C21 + C2  y = C0e
x2/2

 y = C2xe
−C1/x

0 2C1C2y = C
2
2 |x|2+C1 + |x|2−C1 
 x2y = C1 tg(C1 lnC2x)  C2(x
2y + C1)|x|2C1 = x2y − C1 
$6
∫
e−y
2/2dy = C1x + C2 
 	
$ (x− C1)2 + (y − C2)2 = C23 
$$ y = e− sinx
(
C2 + C1
∫
esinxdx
)

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y(n) + a1y
(n−1) + a2y(n−2) + . . . + an−1y′ + any = 0, @(8A
 a1, a2, . . . , an 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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y = C1y1 + C2y2 + . . . + Cnyn.
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λn + a1λ
n−1 + a2λn−2 + . . . + an−1λ + an = 0. @((A
   
  %

  &
 @((A

&&
 &!"  &
   
'

/' /! &
 @((A  !/1 
 !&/ 
8 & 	
 %

		 
 
'#  !
# $%/ ' /
 λ1, λ2, . . . , λn  C &!"  

 %& y1 = e
λ1x, y2 = e
λ2x, . . . , yn = e
λnx
  %0 
 

y = C1e
λ1x + C2e
λ2x + . . . + Cne
λnx.
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y1 = e
ax cos bx, y2 = e
ax sin bx.
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eax(C1 cos bx + C2 sin bx).
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" λ1  0 k 
 
" C & & k !
 ' /' 
  eλ1x, xeλ1x, . . . , xk−1eλ1x   
&
! %0 
  
5  eλ1x(C1 + C2x + . . . + Ckx
k−1).
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! λ1 = a + bi 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1 λ2 = a − bi 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⎩ e
ax cos bx, xeax cos bx, . . . , xk−1eax cos bx,
eax sin bx, xeax sin bx, . . . , xk−1eax sin bx.
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eax((C1 + C2x + . . . + Ckx
k−1) cos bx + (C1 + C2x + . . . + Ckxk−1) sin bx).
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y′′′ − 3y′′ + 2y′ = 0. @(9A
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λ3 − 3λ2 + 2λ = 0 ⇒ λ(λ− 1)(λ− 2) = 0
 
!/ 0 
 λ1 = 0  λ2 = 1  λ3 = 2  	4&
&	" & y1 = 1  y2 = e
x
 y3 = e
2x
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
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y = C1 + C2e
x + C3e
2x
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y′′′ + 3y′′ + 9y′ − 13y = 0. @(:A
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λ3 + 3λ2 + 9λ− 13 = 0.
 ! !&1 /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5!
(λ− 1)(λ2 + 4λ + 13) = 0 ⇒ λ1 = 1, λ2 + 4λ + 13 = 0.
= 
 &
 λ2 + 4λ + 13 = 0 3" a = 1  b = 4  c = 13
#
 D = b2 − 4ac = −36  
 λ2 = −b+
√
D
2a = −2 +
√−36/2 =
−2 + 3√−1 = −2 + 3i  λ3 = −b−
√
D
2a = −2−
√−36/2 = −2− 3i 
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" λ1 = 1   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 5' 
 λ2 = −2 + 3i 
λ3 = −2 − 3i  B4& & y1 = ex  y2 = e−2x cos 3x  y3 = e−2x sin 3x
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y = C1e
x + e−2x(C2 cos 3x + C3 sin 3x)
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y′′′ − 5y′′ + 8y′ − 4y = 0.
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λ3 − 5λ2 + 8λ− 4 = 0.
 ! !&1 /"  5!
(λ− 1)(λ− 2)2 = 0,
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 λ1 = 1  λ2 = λ3 = 2  $ 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 B4& y1 = e
x
 y2 = e
2x
 y3 = xe
2x
 $%0 
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y = C1e
x + e2x(C2 + C3x).
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y(4) + 4y′′′ + 8y′′ + 8y′ + 4y = 0.
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λ4 + 4λ3 + 8λ2 + 8λ + 4 = 0.
 ! !&1 /"  5!
(λ2 + 2λ + 2)2 = 0.
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 λ1 = λ2 = −1 + i  λ3 = λ4 = −1− i F
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⎩ y1 = e
−x cosx, y2 = xe−x cosx,
y3 = e
−x sinx, y3 = xe−x sinx

y = e−x((C1 + C2x) cosx + (C3 + C4x) sinx).
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y′′ − 2y′ + y = 0,
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⎩ y(2) = 1,y′(2) = −2.
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λ2 − 2λ + 1 = 0.
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(λ− 1)2 = 0.
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" λ = 1 
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y = (C1 + C2x)e
x.
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/
 /!" &!  	!&/
& &
  C1  C2 ⎧⎨
⎩ (C1 + 2C2)e
2 = 1,
(C1 + C2 + 2C2)e
2 = −2.
  & C1 = 7e
−2
 C2 = −3e−2  B!  / C1  C2 
%0 
  	!&/ 
y = (7− 3x)ex−2.
 

 . = %0 
 &
 
yIV + 16y = 0.
  M

/ &

λ4 + 16 = 0 ⇒ λ = (−16)1/4.
D!/ 	" 1/4  /! −16  #! 4 /! 	 /!
−16  

/ 
 	!"& 
&!& 	
'
z = x + iy = r[cos(ϕ + 2πn) + i sin(ϕ + 2πn)],

r =
√
x2 + y2,
 
ϕ =
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
arctg yx , x > 0;
π + arctg yx , x < 0, y ≥ 0;
−π + arctg yx , x < 0, y < 0;
π/2, x = 0, y > 0;
−π/2, x = 0, y < 0;
 
&!&
ωn = r
1/k
[
cos
ϕ + 2πn
k
+ i sin
ϕ + 2πn
k
]
, n = 0, 1, . . . , k − 1.
$1 
−16 = 16[cos(π + 2πn) + i sin(π + 2πn)];
λn = {(−16)1/4}n = 2
[
cos
π + 2πn
4
+ i sin
π + 2πn
4
]
, n = 0, 1, 2, 3. ⇒
n = 0 λ0 =
√
2 + i
√
2,
n = 1 λ1 = −
√
2 + i
√
2,
n = 2 λ2 = −
√
2− i
√
2,
n = 3 λ3 =
√
2− i
√
2.
B
 	! 	
 5' /! λ0  λ3 &1  /
' 
 
y1 = e
√
2x sin
√
2x, y2 = e
√
2x cos
√
2x.
#! λ1  λ2
y3 = e
−√2x sin
√
2x, y4 = e
−√2x cos
√
2x.
$%0 

y = C1e
√
2x sin
√
2x + C2e
√
2x cos
√
2x + C3e
−√2x sin
√
2x + C4e
−√2x cos
√
2x.
& 2 
&4
$+ y′′ − 6y′ + 8y = 0 
$, y′′ − 16y = 0 
	
$ y′′ − y′ − 2y = 0 
$5 y′′ + y′ = 0 
$ y′′ − y′ + y = 0 
$0 y′′ + 2y′ + 2y = 0 
$ y′′ + π2y = 0, y(0) = 0, y′(0) = 1
+6 y′′ + 4y′ + 4y = 0 
+ yIV + 2y′′′ + y′′ = 0 
+$ yIV + 8y′′ + 16y = 0 
++ y′′′ + 8y = 0 
+, yIV − y = 0 
7'4 $+ y = C1e
4x + C2e
2x
 $, y = C1e
−4x + C2e4x  $ y =
C1e
−x+C2e2x  $5 y = C1+C2e−x  $ y = ex/2
(
C1 cos
√
3
2 x + C2 sin
√
3
2 x
)
 $0
y = e−x (C1 cosx + C2 sinx)  $ y = − 1π sinπx  +6 y = e−2x (C1 + C2x)  +
y = e−x (C1 + C2x)+C3+C4x  +$ y = (C1+C2x) cos 2x+(C3+C4x) sin 2x  ++
y = ex
(
C1 cos
√
3x + C2 sin
√
3x
)
+ C3e
−2x
 +, y = C1e
x + C2e
−x + C3 cos x +
C4 sinx 
 ," 	

=
 &

y(n) + a1y
(n−1) + a2y(n−2) + . . . + an−1y′ + any = f(x) @(+A

   4	 = 	
 4	 ' %0 
 y0
&10 
 &
 
y(n) + a1y
(n−1) + a2y(n−2) + . . . + an−1y′ + any = 0.
= 
 4	 ' / 
 y1 &
 @(+A &
y = y0 + y1
" %0 
 &
 @(+A 3" %& 

  
'5 / 
 
 &
 F  	

!' 4   
 	 '
	
	 ' ())*
  5 	!""  !&10' !&/ '
8 f(x) = P (x)   P (x)  	!  x  # & 
& /! γ = 0  E! /! γ = 0   !  
 '


/ &
   / 
 &
 @(+A 5   
y1 = Q(x)   Q(x)  	!  5 	 /  P (x)    	
!
 4 E! /! γ  !  
 '

/
&
 
 k   y1 = x
kQ(x) K
( f(x) = P (x)eax  >& 4  & /! γ = a 
E! /! γ = a   !  
 '

/ &
  
y1 = Q(x)e
ax
 E! γ " 
" '

/ &
 

k   y1 = x
kQ(x) K
9 f(x) = eax(P1(x) cos bx+P2(x) sin bx)  P1(x)  P2(x)  	!  x 
&10 /! N γ = a± ib  B&" m "   	
	! P1(x)  P2(x)  E! /! γ   !  
 '


/ &
  
y1 = e
ax(Q1(x) cos bx + Q2(x) sin bx),
 Q1(x)  Q2(x)  	! 	 m  	
! 4
 E! γ " 
" '

/ &
 
 k  
y1 = x
keax(Q1(x) cos bx + Q2(x) sin bx);
: f(x) = f1(x)+ f2(x)+ . . .+ fm(x)   f1(x), f2(x), . . . , fm(x)  &
  

  		 1− 3  E! y1(x), y2(x), . . . , ym(x)  /

  &10 &  f1(x), f2(x), . . . , fm(x)  
Y1 = y1(x) + y2(x) + . . . + ym(x)
 !  / 
  &
 @(+A
 

# 		
x2 + x− 1 → γ = 0;
(x3 + x)e2x → γ = 2;
(x + 2) cos 3x → γ = ±3i; 5 cos 3x− 4 sin 3x → γ = ±3i;
ex(5 cos 2x− 4 sin 2x) → γ = 1± 2i;
	 
ex + x2 − x → γ1 = 1, γ2 = 0;
ex + xe−x → γ1 = 1, γ2 = −1;
ex sinx + e−x cosx → γ1 = 1± i, γ2 = −1± i;
sin 2x + cos 3x → γ1 = ±2i, γ2 = ±3i;
 

 ; = %0 
 &
 
y′′ − y = x2. @(.A
  &10 
 &
 %&
y′′ − y = 0. @(;A
E '

/ &

λ2 − 1 = 0 @(,A
 
 λ1 = 1  λ2 = −1  B4&
y0 = C1e
x + C2e
−x. @(*A
= / 
 &
 @(.A B
 / &
 @(.A
& /! γ = 0  
   !  
 '

/
&
 @(,A !!" 0 / 
  
y1 = Ax
2 + Bx + C.
B!  y′′1  y1  &
 @(,A 
2A− Ax2 −Bx− C = x2.
B

 4 	
 	%' 	 '  	!&/ &
&
  A  B  C 
	
 x0 2A− C = 0,
	
 x −B = 0,
	
 x2 − A = 1.
$1 A = −1  B = 0  C = −2  L 
 F
y1 = −x2 − 2. @(8)A
		
B
%!   4& /& 
1 %0 
 @(*A &
 @(;A
	!&/ %0 
 &
 @(.A
y = C1e
x + C2e
−x − x2 − 2.
 

 , = %0 
 &
 
y′′ + y = 4xex. @(88A
  &10 
 &
 %&
y′′ + y = 0. @(8(A
E '

/ &

λ2 + 1 = 0 @(89A
 
 λ1 = i  λ2 = −i  B4&
y0 = C1 cosx + C2 sinx. @(8:A
= / 
 &
 @(88A >& 4xex &
/! γ = 1  
   !  
 '

/ &
 
@(89A / / 
 0  
y1 = e
x(Ax + B). @(8+A
B!  y1  y
′′
1  &
 @(88A 	!&/
ex(2Ax + 2A + 2B) = 4xex.
B

 4 	
 	%' 	 '  	!&/ &
&
  A  B 
	
 x0 2A + 2B = 0,
	
 x 2A = 4.
$1 A = 2  B = −2  L 
 F
y1 = (2x− 2)ex.
$%0 
 &
 @(88A F
y = C1 cos x + C2 sinx + (2x− 2)ex.
	
 

 * = %0 
 &
 
y′′ − y′ = ex + e2x + x. @(8.A
  &10 
 &
 %&
y′′ − y′ = 0. @(8;A
E '

/ &

λ2 − λ = 0 @(8,A
 
 λ1 = 0  λ2 = 1  B4&
y0 = C1 + C2e
x. @(8*A
= / 
 &
 @(8.A #! 4 0 /! /
 
 ! 5  
' &

y′′ − y′ = ex, y′′ − y′ = e2x, y′′ − y′ = x.
 
 &

y′′ − y′ = ex @(()A
>& ex & /! γ = 1  
  !  
 '


/ &
 
 1  !!" / 
 0 

y1 = Axe
x. @((8A
B!  &1 @((8A  &
 @(()A 	!&/ Aex = ex  $1
A = 1  !!"
y1 = xe
x. @(((A


y′′ − y′ = e2x @((9A
 / 
 
y2 = Ae
2x, @((:A
% /! γ = 2   !  
 '

/ &
  B
 &1 @((:A  &
 @((9A  A = 1/2   /
y2 =
1
2
e2x. @((+A
	



y′′ − y′ = x @((.A
 / 
 
y3 = x(Ax + B), @((;A
  /! γ = 0  !  	
 
 '

/ &

  B!  &1 @((;A  &
 @((.A 
−2Ax−B + 2A = x ⇒ −2A = 1, −B + 2A = 0 ⇒ A = −1
2
, B = −1,
!!"
y3 = −x
(
1
2
x + 1
)
. @((,A
C	
" ! / 
 @(((A @((+A  @((,A '
/ 
 Y1  &
 @(8.A  
Y1 = xe
x +
1
2
e2x − x
(
1
2
x + 1
)
.
B
%!   4& /& 
1 %0 
 @(8*A &
 @(8;A
	!&/ %0 
 &
 @(8.A
y = xex +
1
2
e2x − x
(
1
2
x + 1
)
+ C1 + C2e
x.
 

 8) = %0 
 &
 
y′′ + y = sinx + ex cos 2x. @((*A
  = %0 
 &10 

&
 
y′′ + y = 0; λ2 + 1 = 0; λ1 = i, λ2 = −i;
y0 = C1 cosx + C2 sinx.
= / 
 ! &
 
y′′ + y = sinx. @(9)A
C  & sinx & /! γ = ±i  
  !  

'

/ &
   / 
 !& "  
y1 = x(A cosx + B sinx). @(98A
	
B!  &1 @(98A  &
 @(9)A
−2A sinx + 2B cos x = sinx.
B

 4 	
 	%' & '  	!&/ &
&
  A  B 
	
 cos x 2B = 0,
	
 sinx − 2A = 1.
$1 A = −1/2  B = 0  L 

y1 = −1
2
x cosx.
#! &
 
y′′ + y = ex cos 2x @(9(A
 / 

y2 = e
x(A cos 2x + B sin 2x), @(99A
% " /! γ = 1± i · 2   !  
 '

/ &

 
B &1 @(99A  &
 @(9(A  A = −1/10  B =
1/5   /
y2 = e
x
(
− 1
10
cos 2x +
1
5
sin 2x
)
.
C	
"  5 	" %0 
 &
 @((*A  
y = −1
2
x cosx + ex
(
− 1
10
cos 2x +
1
5
sin 2x
)
+ C1 cosx + C2 sinx.
& 2 
&4
+ y′′ − 4y′ + 4y = x2 
+5 y′′′ + y′′ = 10− 24x 
+ y′′ + 2y′ + y = e2x  y = (C1 + C2x)e−x +
1
9
e2x 
+0 y′′ + y′ − 6y = xe2x 
+ y′′ − 7y′ + 12y = e2x(1− 2x) 
,6 y′′ + 9y = 2 cos 3x− 3 sin 3x 
	
, y′′ − y = 2x sinx 
,$ y′′ + 6y′ + 13y = e−3x cos 4x 
,+ y′′ − 4y = e2x sin 2x 
,, y′′ − 4y′ + 4y = e2x + x/2 
, y′′′ + y′′ = x2 + 1 + 3xex 
,5 y′′ − 2y′ − 8y = ex − 8 cos 2x 
7'4 + y = (C1 +C2x)e
2x +
1
8
(2x2 +4x+3)  +5 y = C1e
−x +C2 +
C3x − 4x3 + 17x2  + y = (C1 + C2x)e−x + 1
9
e2x  +0 y = C1e
2x + C2e
−3x +
x
(
x
10
− 1
25
)
e2x  + y = C1e
4x + C1e
3x − e2x(x + 1)  ,6 y = C1 sin 3x +
C2 cos 3x + x
(
1
2
cos 3x +
1
3
sin 3x
)
 , y = C1e
x + C2e
−x − x sinx − cosx 
,$ y = e−3x(C1 cos 2x + C2 sin 2x) − 1
12
e−3x cos 4x  ,+ y = C1e−2x + C2e2x −
e2x
20
(sin 2x + 2 cos 2x)  ,, y = (C1 + C2x + x
2)e2x +
x + 1
8
 , y = C1e
−x +
C2 +C3x+
3
2
x2− 1
3
x3 +
1
12
x4 + ex
(
3
2
x− 15
4
)
 ,5 y = C1e
−2x +C2e4x− 1
9
ex +
1
5
(3 cos 2x + sin 2x) 
	 *  '
=
 &
 @(+A  !1% 	
 /"1 f(x) 5 %" 

  
 	 ' /! ' %0 

y = C1y1 + C2y2 + . . . + Cnyn
&10 
 &
  C %0 
 &
 
@(+A 0  
y = C1(x)y1 + C2(x)y2 + . . . + Cn(x)yn.
	
>& Ci(x) 	
! 1  ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
C ′1y1 + C
′
2y2 + . . . + C
′
nyn = 0,
C ′1y
′
1 + C
′
2y
′
2 + . . . + C
′
ny
′
n = 0,
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
C ′1y
(n−2)
1 + C
′
2y
(n−2)
2 + . . . + C
′
ny
(n−2)
n = 0,
C ′1y
(n−1)
1 + C
′
2y
(n−1)
2 + . . . + C
′
ny
(n−1)
n = f(x).
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 88 = %0 
 &
 
y′′ − y = e
x
ex + 1
. @(9:A
  = %0 
 &10 
 &

 
y′′ − y = 0.
E '

/ &

λ2 − 1 = 0
 
 λ1 = 1  λ2 = −1  B4&
y0 = C1e
x + C2e
−x.
$%0 
 @(9:A 0  
y = C1(x)e
x + C2(x)e
−x. @(9+A
 & &
  & C1(x)  C2(x) ⎧⎨
⎩ C
′
1(x)e
x + C ′2(x)e
−x = 0,
C ′1(x)e
x − C ′2(x)e−x = e
x
ex+1 .
⇒
⎧⎨
⎩ C
′
1(x) =
1
2
1
ex+1 ,
C ′2(x) = −12 e
2x
ex+1 .
D

&  ⎧⎨
⎩ C1(x) =
x
2 − 12 ln(ex + 1) + C1,
C2(x) = −12ex + 12 ln(ex + 1) + C2.
B!  4 / C1(x)  C2(x)  
&!& @(9+A 	!&/ %0

 &
 @(9:A  
y =
1
2
((x− ln(ex + 1))ex + (−1 + ln(ex + 1))e−x) + C1ex + C2e−x.
	
& 2 
&4
, y′′ + y = 1/ sin x 
,0 y′′ + 2y′ + y = e−x/x 
, y′′ + 6y′ + 8y = 4e−2x(2 + e2x)−1 
7'4 , y = (C1 + ln | sinx|) sinx + (C2 − x) cosx  ,0 y = (C1 +
C2x)e
−x+xe−x ln |x|  , y = C1e−2x+C2e−4x−e−2x ln[(e2x+2)e2x]−e−4x ln(e2x+
2) 
 	 +
"
 (( 
 
xny(n) + a1x
n−1y(n−1) + a2xn−2y(n−2) + . . . + an−1xy′ + any = f(x) @(9.A
 &
 !


 !
   !& &
1  	 
4   	
 x = et 	
 x > 0 @!
x = −et 	
 x < 0A #! 	!&/ &
  	  4
 '

/ &
  
λ(λ− 1)(λ− 2) . . . (λ− n + 1) + . . . + an−2λ(λ− 1) + an−1λ + an = 0.
B
 ! 4 &
 5 	
 xky(k)  &

@(9.A    	
 k &%10'  1 /! λ(λ − 1)(λ −
2) . . . (λ− k + 1) 
 

 8( = %0 
 &
 
x3y′′′ − x2y′′ + 2xy′ − 2y = x3. @(9;A
  !  '

/ &
  
 
λ(λ− 1)(λ− 2)− λ(λ− 1) + 2λ− 2 = 0 ⇒ (λ− 1)2(λ− 2) = 0 ⇒ @(9,A
⇒ λ1 = λ2 = 1, λ3 = 2.
$1 %0 
 
 &
  	  4
  
y0 = (C1 + C2t)e
t + C3e
2t.

L% 
" 
 &
 @(9;A /! 

 %
 
5 @(9,A
λ3 − 4λ2 + +5λ− 2 = 0.
D	!"& 4 '

/ &
 !  !&1 /" 

!" &
   	
&1 /" 	!&/  	
 / @(9;A
 x = et 
y′′′t − 4y′′t + 5y′t − 2y = e3t.
>& e3t & /! 3  
   !  

'

/ &
  	4& / 
 0  
y1 = Ae
3t
 B!  y1  &
 ' A = 1/4 
!!" %0 
  
y = (C1 + C2t)e
t + C3e
2t +
1
4
e3t = (C1 + C2 lnx)x + C3x
2 +
1
4
x3 (x > 0).
B
 x < 0 	!&/ !/ 
&!   ln |x|  lnx 
& 2 
&4
6 x2y′′ − xy′ − 3y = 0 
 x2y′′ + xy′ + 4y = 0 
$ x2y′′ − xy′ + y = 8x3 
+ x2y′′ − 2y = sin lnx 
, (2x + 3)3y′′′ + 3(2x + 3)y′ − 6y = 0 
7'4 6 y = C1x
3 +
C2
x

 y = C1 cos(2 lnx) + C2 sin(2 lnx) 
$ y = x(C1 + C2 ln |x|) + 2x3 
+ y = C1x
2 + C2x
−1 + 0, 1 cos lnx− 0, 3 sin lnx 
, y = C1
(
x +
3
2
)
+ C2
∣∣∣∣x + 32
∣∣∣∣3/2 + C3
∣∣∣∣x + 32
∣∣∣∣1/2 

	 "   
   !
  - %** ' .		

#! 
 &
 
a0(x)y
(n) + a1(x)y
(n−1) + . . . + an−1(x)y′ + an(x)y = 0 @98A
 &0& %0'  	
 &!"  

 D  ! !" /' 
 & &"
E!  / 
 y1(x) &
 @98A   	
 
5 	" '
  !" &
  #! 4  &
 
 	" y = y1z   !" & z
′ = u 
6 !&/ &
 
 	
 
a0(x)y
′′ + a1(x)y′ + a2(x)y = 0 @9(A
5 5 	!"" 
&! $

  ?&!! ∣∣∣∣∣y1 y2y′1 y′2
∣∣∣∣∣ = Cexp
(
−
∫
a1(x)
a0(x)
dx
)
, @99A
 y1  y2  !1%  
  &
 
#! &
 n 	
  @98A 
&! $

  ?&!! 
  ∣∣∣∣∣∣∣
y1 . . . yn
y′1 . . . y
′
n
y
(n−1)
1 . . . y
(n−1)
n
∣∣∣∣∣∣∣ = Cexp
(
−
∫
a1(x)
a0(x)
dx
)
, @9:A
 %
 &
y1(x), y2(x), . . . , yn(x) @9+A
" &!"  

E!  &!"  
 @9+A &
 @98A
 %0 
 
 &
 
a0(x)y
(n) + a1(x)y
(n−1) + . . . + an−1(x)y′ + an(x)y = f(x) @9.A
5 %" 	!&/  
 	 ' $%0 
 

 &
 '  
y = C1(x)y1 + C2(x)y2 + . . . + Cn(x)yn.
>& Ci(x) 	
! 1  ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
C ′1y1 + C
′
2y2 + . . . + C
′
nyn = 0,
C ′1y
′
1 + C
′
2y
′
2 + . . . + C
′
ny
′
n = 0,
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
C ′1y
(n−2)
1 + C
′
2y
(n−2)
2 + . . . + C
′
ny
(n−2)
n = 0,
C ′1y
(n−1)
1 + C
′
2y
(n−1)
2 + . . . + C
′
ny
(n−1)
n =
f(x)
a0(x)
.
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 = %0 
 &
 
x(x + 1)y′′ + (x + 2)y′ − y = 0, @9;A
!  / 
 y1 = x + 2 
  B 
&! $

  ?&!! @99A∣∣∣∣∣y1 y2y′1 y′2
∣∣∣∣∣ = C1exp
(
−
∫
x + 2
x(x + 1)
dx
)
; y1y
′
2−y′1y2 = C1exp
(
−
∫ (
2
x
− 1
x + 1
)
dx
)
.
 ! % / &
  y21  	!&/ ! 	
&1  
%
y2/y1
(
y2
y1
)′
=
y1y
′
2 − y′1y2
y21
=
C1exp
(
− ∫ x+2x(x+1)dx)
y21
⇒
(
y2
y1
)′
=
C1
y21
· x + 1
x2
.
C  y1 = x + 2  
y2
y1
= C1
∫
x + 1
x2(x + 2)2
dx + C2 =
C1
4
∫ (
1
x2
− 1
(x + 2)2
)
dx + C2 =
	
=
C1
4
(
−1
x
+
1
(x + 2)
)
+ C2.
$%0 
 &
 @9;A  
y2(x) = −C1
2x
+ C2(x + 2).
 
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 = %0 
 &
 
x2(2x− 1)y′′′ + (4x− 3)xy′′ − 2xy′ + 2y = 0, @9,A
!  / 
 y1 = 1/x  y2 = x 
  #! & y = y2z = xz   u = z
′
 6 
&!"
&
 @9,A 	
 
x2(2x− 1)u′′ + (10x2 − 6x)u′ + (6x− 6)z′ = 0.
L 
 y1 	!  	
  u1 = − 2x3 
B 
&! $

  ?&!! @99A∣∣∣∣∣u1 uu′1 u′
∣∣∣∣∣ = Cexp
(
−
∫
10x2 − 6x
x2(2x− 1)dx
)
.
6! 	
&1
(
u
u1
)′
 	


& 
5  	! 4
	 (
u
u1
)′
=
C
u21
· (2x− 1)
x6
.
B u1  	


&
u = −C1
x3
(2x− 1)2 + C2
x3
.
6
0  	
 z 
z = −C1
∫
(2x− 1)2
x3
dx + C2
∫
dx
x3
+ C3 =
= C1
(
ln |x|+ 1
x
− 1
8x2
)
+
C2
x2
+ C3.
6
0  
 & y  	!&/ %0 
 &
 
@9,A
y = C1(x ln |x|+ 1) + C2
x
+ xC3.
#! 
 
 &
 @9.A 5 	!"" !
&10 /

 8 B&" & u1  u2  ! 1 / 
  

 &
 @9.A  ' 
" y = u1− u2 " 
 
&10 
 &
 @98A
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 &
 
(x2 − 1)y′′ + 4xy′ + 2y = 6x, @9*A
!  / 
 u1 = x  u2 =
x2 + x + 1
x + 1

  = %0 
 &10 
 &

 
(x2 − 1)y′′ + 4xy′ + 2y = 0. @98)A
/ / @8A ' / 
 &
 @98)A
y1 = u2 − u1 = 1
x + 1
.
D	!"& 
&!& $

  ?&!! @99A 	 %0 

 &
 @98)A(
y
y1
)′
= C1(x+1)
2exp
(
−
∫
4xdx
x2 − 1
)
⇒
(
y
y1
)′
=
C1
(x− 1)2 ⇒ y =
C1
x + 1
+
C2
x− 1 .
#! '5 %0 
 
 &
 @9*A
	!"&  
 	 '   0  
y =
C1(x)
x + 1
+
C2(x)
x− 1 . @988A
>& C1(x)  C2(x) 	
!  ⎧⎨
⎩
C ′1(x)
x+1 +
C ′2(x)
x−1 = 0,
− C ′1(x)(x+1)2 − C
′
2(x)
(x−1)2 =
6x
x2−1 .
⇒
⎧⎨
⎩ C
′
1 = 3x(x + 1),
C ′2 = 3x(x− 1).
⇒
⎧⎨
⎩ C1(x) = x
3 + 32x
2 + C1,
C2(x) = −x3 + 32x2 + C2.
B C1(x)  C2(x)  
&!& @988A  	!&/  

y =
C1
x + 1
+
C2
x− 1 +
x3
x2 − 1 .
& 2 
&4
 xy′′ + 2y′ − xy = 0, y1 = ex/x 
5 y′′ − 2(1 + tg2 x)y = 0, y1 = tg x 


 xy′′′ − y′′ − xy′ + y = 0, y1 = x, y2 = ex 
0 x2(2x− 1)y′′′ + (4x− 3)xy′′ − 2xy′ + 2y = 0, y1 = x, y2 = 1/x 
 (3x3 + x)y′′ + 2y′ − 6xy = 4− 12x2, y1 = 2x, y2 = (x + 1)2 
7'4
 xy = C1e
−x + C2ex 
5 y = C1 tg x + C2(1 + x) tg x 
 y = C1x + C2e
x + C3e
−x

0 y = C1x + C2x
−1 + C3(x ln |x|+ 1) 
 y = C1(x
2 + 1) + C2x
−1 + 2x 
 )" #	
 /"# 0	
6 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  	& 	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 
(2x + 1)y′′ + (4x− 2)y′ − 8y = 0, @98(A
 ! 10 !%
/ /! @!  
 &0&A
  $	
! 	" /! B&"
y = xn + a1x
n−1 + . . . + an−1x + anx + an.
B y  &
 	!&/
(2x + 1)[n(n− 1)xn−2 + . . .] + (4x− 2)[nxn−1 + . . .]− 8[xn + . . .] = 0.
B

 &!1 4 	
  
 	 xn  %&
"
4n− 8 = 0,
& n = 2  C %
 /! 5 %" !" 
 	
 " y = x2 + ax + b  B!   &
 @98(A
4ax + 2− 2a− 8b = 0.
!!" a = 0  2 − 2a − 8b = 0  $1 b = 1/4  L 

 
y = x2 +
1
4
.

 

 : = / 
 &
 
xy′′ − (2x + 1)y′ + (x + 1)y = 0. @989A
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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	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 /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   /!
!" x 
y = xn + a1x
n−1 + . . . + an−1x + anx + an.
B y  &
 	!&/
x[n(n− 1)xn−2 + . . .]− (2x + 1)[nxn−1 + . . .] + (x + 1)[xn + . . .] = 0.
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 	 xn+1
1 = 0.
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y = ekx.
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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x(k − 1)2 − (k − 1) = 0 ⇒ k = 1.
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  
y = ex.
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56 xy′′ − (x + 1)y′ − 2(x− 1)y = 0 
5 (x2 − 1)y′′ + (x− 3)y′ − y = 0 
5$ x(x2 + 6)y′′ − 4(x2 + 3y′ + 6xy = 0 
5+ x2 lnxy′′ − xy′ + y = 0 
7'4
56 y = C1e
2x + C2(3x + 1)e
−x

5 y = C1(x− 3) + C2
x + 1

5$ y = C1(x
2 + 2) + C2x
3

5+ y = C1x + C2(lnx + 1) 
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y′′ + p(x)y′ + q(x)y = 0 @:8A
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!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y = y0, y
′ = y′0 	
 x = x0, @:(A
 y0  y
′
0  	
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 8 B&" & p(x)  q(x) 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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
 /
x0   " 
!1  	 
  
p(x) =
∞∑
k=0
pk(x− x0)k; q(x) =
∞∑
k=0
qk(x− x0)k, @:9A
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 y = y(x) 
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  	 
 
y(x) = y0 + y
′
0(x0)(x− x0) +
∞∑
k=2
Ck(x− x0)k, @::A
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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y1 = 1  y
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1 = 0 	
 x = x0 K y2 = 0  y
′
2 = 1 	
 x = x0 
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  n
y(n) + a1(x)y
(n−1) + . . . + an−1(x)y′ + an(x)y = f(x)
 !
 4 a1(x), a2(x), . . . , an(x)  	
 /"1
f(x)  B
 4 
 &!
 10 /!" &! 
y = y0, y
′ = y′0, . . . , y
(n−1) = y(n−1)0 	
 x = x0,
	 
y = yo + y
′
0(x−x0)+
y′′0
2!
(x−x0)2 + . . .+ y
(n−1)
0
(n− 1)!(x−x0)
(n−1) +
∞∑
k=n
Ck(x−x0)k,
 |x− x0| < r 
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⎩ y
′′ + y = 0,
y(0) = 1; y′(0) = 0.
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y(x) = 1 +
∞∑
k=2
Ckx
k. @:.A
4 Ck '  	
!' 4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 	
 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 x0 2C2 + 1 = 0,
	
 x C3 = 0,
	
 x2 4 · 3 · C4 + C2 = 0,
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
	
 xk k(k − 1)Ck + Ck−2 = 0,
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
B!!" /!  4  /
C2k =
(−1)k
(2k)!
, C2k+1 = 0, k = 0, 1, 2, . . .
C %
 
 /  	
!  
 
y(x) =
∞∑
k=0
(−1)kx2k
(2k)!
.
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y′′ − xy = 0. @:;A
=  
 y1(x)  y2(x)  &!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 
y1(0) = 1, y
′
1(0) = 0; y2(0) = 0, y
′
2(0) = 1.
$ %&& !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 B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y1(x) = 1 +
∞∑
k=2
akx
k, @:,A


y2(x) = x +
∞∑
k=2
bkx
k. @:*A
= y1(x)  B!  
  @:,A  &
 @:;A 	!&/
∞∑
k=2
[akk(k − 1)xk−2 − akxk+1]− x = 0.
B4& 4 ak 	
! 1  
	
 x0 a2 = 0,
	
 x 3 · 2 · a3 = 1,
	
 x2 a4 = 0,
. . . . . . . . . . . . . . . . . .
	
 xk k(k − 1)ak − ak−3 = 0; k = 5, 6, . . .
 1 
a3k =
1
2 · 3 · 5 · 6 . . . (3k − 1)3k , a3k+1 = a3k+2 = 0.
C %

y1(x) =
∞∑
k=1
x3k
2 · 3 · 5 · 6 . . . (3k − 1)3k + 1.
!/ ' y2(x) 
y2(x) =
∞∑
k=1
x3k+1
3 · 4 · 6 · 7 . . . 3k(3k + 1) + x.
$%0 
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y = C1y1 + C2y2,
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(1− x2)y′′ − xy′ − y = 0. @:8)A
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y1(0) = 1, y
′
1(0) = 0; y2(0) = 0, y
′
2(0) = 1.
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  / 
 y1  y2 &0&1 B
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@:8)A  
y′′ − x
1− x2y
′ − 1
1− x2y = 0.
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 |x| < 1 
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y1(x) = 1 +
∞∑
k=2
akx
k, @:88A
y2(x) = x +
∞∑
k=2
bkx
k. @:8(A
= y1(x)  B!  
  @:88A  &
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∞∑
k=2
[−ak(k2 + 1)xk + akk(k − 1)xk−2]− 1 = 0.
B4& 4 ak 	
! 1  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 x0 − 1 + 2 · 1a2 = 0, a2 = 1
2!
;
	
 x 3 · 2 · a3 = 0, a3 = 0;
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
	
 xk (k + 2)(k + 1)ak+2 − (k2 + 1)ak = 0, k ≥ 2
 1 
a5 = a7 = . . . = a2m+1 = . . . = 0,
a2 =
1 + 22
4!
, a6 =
(1 + 22)(1 + 42)
6!
, . . . ,
a2m =
(1 + 22)(1 + 42) · · · (1 + (2m− 2)2)
(2m)!
.
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y1 = 1 +
1
2!
x2 +
1 + 22
4!
x4 + . . . +
(1 + 22)(1 + 42) · · · (1 + (2m− 2)2)
(2m)!
x2m + . . . ,
 |x| < 1 
!/ ' y2(x) 
y2 = x +
2
3!
x3 +
2(1 + 32)
5!
x5 + . . . +
2(1 + 32) . . . (1 + (2m− 1)2)
(2m + 1)!
x2m+1 + . . . ,
 |x| < 1 
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y = C1y1 + C2y2.
& 2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&4
5, y′′ + xy′ − (2x2 + 1)y = 0 
5 (1− x)y′′ + y = 0 
7'4 5, y1 = 1+
x2
2!
+
3x4
4!
+. . .  y2 = x+
12
5!
x5+. . .  y = C1y1+C2y2 
5 y1 = 1− x
2
2!
− x
3
3!
− x
4
4!
− 2x
5
5!
− . . .  y2 = x− x
3
3!
− 2x
4
4!
− 5x
5
5!
+ . . .
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(x− x0)r
∞∑
k=0
ck(x− x0)k (c0 = 0), @:89A
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p(x) =
∑∞
k=0 pk(x− x0)k
x− x0 , q(x) =
∑∞
k=0 qk(x− x0)k
(x− x0)2 , @:8:A
 p20 + q
2
0 + q
2
1 = 0  
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y(x) = (x− x0)r
∞∑
k=0
ck(x− x0)k (c0 = 0), @:8+A
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(x− x0)r
∞∑
−∞
ck(x− x0)k,
	
/ % !" %/  4 Ck  
!"

 !/  &! 
#! 	
! 4 ck &5 	" 
  @:8+A 
&
 @:8A  	

 " &!1 4 	
 
!/' 	 '
x − x0  L! r '    	
!	 
 
% / x = x0 
r(r − 1) + p0r + q0 = 0. @:8.A
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4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